Uniform exponential decay of solution is established for the elastodynamic system of elasticity using boundary feedback control. Energy dissipation is introduced via linear velocity feedbacks acting through a portion of the boundary as traction forces. Two primary goals are achieved: First, these results are proven without the imposition of strong geometric assumptions on the controlled portion of the boundary, thus extending earlier work which required that the domain be ''star shaped.'' Second, the feedback is only a function of velocity, as opposed to also containing the tangential derivative of the displacement, resulting in a physically viable feedback. Proof is based on the multiplier method and relies critically on sharp trace estimates for the tangential derivative of the displacement on the boundary as well as on unique continuation results for the corresponding static system. ᮊ 1998 Academic Press
INTRODUCTION
Uniform stabilization of the wave equation with feedback control acting through either Dirichlet or Neumann boundary conditions has been widely studied. However, addressing the same question for the system of elasticity has remained a mathematical challenge. While a few results exist, beginw x ning with the work of Lagnese 11 , only a partial answer has been achieved. w x In 11 , Lagnese considers a linear elastodynamic system with boundary control acting as traction forces. Under strong geometric restrictions, he found that the system is uniformly stabilized using velocity feedback. w x Lagnese's later work in 12 obtains uniform stability for the system of linear elasticity using nonlinear boundary control, but to do so, the feedback was modified in order to deal with technical difficulties in the proof. Rather than only using velocity feedback, he was forced to include the tangential derivative of the displacement as well. Additionally, he makes an assumption that the body is in a state of plane strain, reducing the problem to a two-dimensional system. As in his earlier work, the geometric constraint requiring that the domain be star-shaped must be assumed.
More recent results, which establish uniform stabilization when feedback control is acting through natural and physically implementable condiw x tions have been proven by Alabau and Komornik 1 . In addition, these results are valid for nonisotropic systems. Their proof is constructive, w x based on the method developed in 10 to address the wave equation, and allows the authors to obtain precise decay estimates. However, their results require an even more stringent geometric assumption than the w x work of Lagnese. In 1 , the domain is forced to be a sphere, leaving the question of uniform stability open in the case of more general domains.
Our motivation in addressing the question of uniform stability for the system of linear elasticity is twofold. First, we wish to eliminate the strong geometric constraints assumed to hold in the above results. This is an extension analogous to that which occurred for the case of the wave w x equation Until the works of Lasiecka and Triggiani 15 and Bardos et al. w x 3 , most results on the wave equation were based on the assumption that the geometry of the domain satisfied strict constraints. Our second goal is to use only a feedback control defined in terms of the velocity to stabilize the system. Modification of the boundary conditions results in a system which is not physically appealing and does not use the natural feedback for the system. A critical step in addressing these two goals lies in adapting the w x techniques in 15 . To eliminate similar geometric constraints in the case of the wave equation, Lasiecka and Triggiani based their proof on a pseudodifferential analysis which permits certain boundary traces of the solution to the wave equation to be expressed in terms of other traces modulo lower order interior terms. In fact, sharp trace regularity results have proven themselves to be of critical importance in the study of controllability and stabilizability of numerous systems. Particular cases include the Ž w x. wave equation see 15 and both linear and nonlinear plate equations Ž w x w x. see 8 and 14 .
STATEMENT OF THE PROBLEM
To formulate the system of elasticity, we begin with the following Ž . definitions. Let u s u , 1 F i F n, be the displacement vector. Since we i Ž . are considering a homogeneous, isotropic body, the strain tensor ⑀ is i j given by
The stress᎐strain relation can be expressed as
Ž where , ) 0 are Lame's coefficients and are constant. In more generaĺ . cases, and are assumed to be functions of position. In the above equation, ␦ is the Kronecker delta, i.e., ␦ s 1 if i s j and ␦ s 0 if
With the above definitions in mind, we now consider the system of linear elasticity defined in the open domain ⍀ ; ‫ޒ‬ n with smooth boundary Ѩ ⍀ s ␦ ⍀ j Ѩ ⍀ . The governing equations for a tree-dimensional 0 1 elastic body are given by
where represents the unit outward normal vector to Ѩ ⍀. Throughout this paper, we will assume that Ѩ ⍀ l Ѩ ⍀ s л in the above model. This
is a necessary assumption in the proofs that follow. For this system, we wish to answer the question of uniform stabilization when only velocity feedback is acting through the boundary, i.e., when g ' yu . For this problem, the following well-posedness results have be t w x shown to hold using standard linear semigroup theory 11 . Alternatively, Ž w x. this can also be established via elliptic theory see 20 . To state these 1 Ž . results, we first define the function space, H H ⍀ 0 to be
Ž .
½ 5
Then there exists a unique solution,
Then there exists a unique solution in the sense of
Our goal is to show that the energy of the solutions to this problem decays uniformly to zero with respect to the initial energy. For this system, the energy is defined by and that Ѩ ⍀ l Ѩ ⍀ s л. Then there exist constants C ) 0 and ) 0 such
Ž . Ž .
Notice that Theorem 2.3 extends earlier results by eliminating the geometric constraints on the controlled portion of the boundary. However, the restriction on the uncontrolled portion is identical to that in, for w x example, 12 and cannot be eliminated. 
where the boundary conditions in 2.1b and 2.1c have been taken into account.
Dissipati¨ity Inequality
We first show that the energy of the system is dissipative. While this guarantees that the energy is nonincreasing, alone it is not sufficient to ensure decay. However, this identity establishes an important relationship between the energy at any time and the initial energy.
Ž . LEMMA 3.1. Let u be a weak solution of system 2.1 . Then, for any s -t, the following inequality holds: 
Thus, the energy is nonincreasing.
Stability Estimates
To establish the uniform stability result of Theorem 2.3, we wish to w x formulate the problem in semigroup form, a technique motivated by 2 and widely used to prove stability results. To do so, we follow the work of w x 11 and define appropriate operators.
be the positive, self-adjoint operator 2 2 defined by
To reformulate the problem as an initial value problem, we set u Ž1. s u, Ž2.
Ž . u su . Then system 2.1 may be written as
and A A is the linear operator defined by
the infinitesimal generator of a strongly continuous semigroup
where is a constant possibly dependent on T see 18 . The crux of the proof of Theorem 2.3 lies in establishing the following lemma. With this technical estimate, the proof of exponential stabilization follows by semigroup methods.
Then there exists a sufficiently large time T and a constant C T , dependent upon T, such that the following estimate is satisfied:
Proof of Theorem 2.3. Assuming the validity of the above lemma, the proof of Theorem 2.3 is straightforward. By the semigroup property, we have
Thus the dissipativity equality 3.2 , with s s 0 and t s T, implies that
Ž . Combining the above identity with 3.4 yields
Ž . which, with 3.5 , gives
Ž . Ž . Since C T ) 0, this inequality proves 3.3 .
PROOF OF STABILITY ESTIMATE

Preliminary Estimate
Breaking the proof of the stability estimates into a number of steps, the first goal is to establish the following identity. This preliminary identity gives a bound on the energy in terms of the control, traces of the solution Ž . on the boundary, and lower order terms l.o.t. .
Ž . LEMMA 4.1. Let u be a solution to system 2.1 . Assume
Then there exists a constant C such that, for any 0 -⑀ -, the following 4 estimate is satisfied: Proof. To establish the estimate, the technique used is to use the w x w x ''multiplier method'' which is described in such works as 9 and 13 . Both of these works, as well as numerous other results on boundary controllability and stabilization in the past decade, were motivated by the pioneering w x work of Lions 16 . To implement the multiplier method, the multipliers that have been used in the case of the wave equation give an indication as to which should be used for the system of elasticity. However, due to the technical difficulties that arise from the coupled system, it is convenient to deal with some notational details before we begin.
As for the wave equation, the multiplier ٌuh will be used. Note that
where the components of the first order tensor R R are given by
At this stage, the summation convention is adopted to indicate summation with respect to k.
First multiplier. Let s ٌuh be the test function in the variational Ž . formulation 3.1 . Then
Ž . Integrating 4.3 with respect to t yields
Integrating the first integral by parts and using the divergence theorem,
with the fact that h is a radial vector. Ž . Ž . To simplify the second integral in 4.6 , recall 4.2 . With this identity,
Finally, the last integral may be simplified as follows:
due to the fact that u ' 0 on Ѩ ⍀ . 0 Ž . Combining the above three identities with 4.6 , the result is
Rearranging terms and recalling the assumption that h и F 0 on Ѩ⍀ 0 gives
Noting that
the above inequality can be further simplified by applying the divergence theorem:
Second multiplier. Let s u be the test function in the variational Ž . formulation 3.1 . Then
Ž . Integrating 4.12 with respect to time, we find
where terms on the boundary have been bounded using the trace theorem, thus resulting in the lower order terms in the inequality.
Absorbtion of Boundary Traces
The next step is to eliminate the integral involving boundary traces of the displacement. Thus, we wish to prove the following lemma. for any 0 -⑀ -, the following estimate is satisfied:
Terms involving boundary traces in Lemma 4.1 are problematic. To bound the traces by norms of the control and lower order terms is the goal; however, standard trace theory cannot be used. While trace theory does provide bounds in terms of interior norms, these norms are in spaces higher than that of the energy space. Thus, an alternative method of estimating these traces must be found.
Remark. It should be noted that the imposition of geometric conw x w x straints on the controlled portion of the boundary in 11 and 1 , as well as w x the modification of the boundary conditions in 12 , was precisely done to Ž . facilitate the removal of these traces. If the first inequality in 4.15 is considered, the terms involving spatial derivatives of u on the boundary will all be negative if the assumption h и ) 0 is imposed on Ѩ ⍀ and 1 may, therefore, be discarded.
Rather than imposing geometric restrictions, we apply sharp trace w x regularity results analogous to those derived for the wave equation in 15 . This allows us to obtain the desired inequality without having to either modify the boundary feedback by including the tangential derivative of the displacement or assume h и ) 0 on Ѩ ⍀ , thus forcing the domain to be 
. t where and are, respecti¨ely, the unit normal and a unit tangent to the boundary.
Notice that to get this sharper bound on the trace, we must sacrifice part of the time interval. However, for some purposes, this bound is more useful than the bounds we would achieve using trace theory. While the w x details of the proof of this theorem can be found in 7 , for completeness, a sketch of the proof may be found in Appendix A.
To take advantage of this result, apply the result of Lemma 4.1 on the minant of the matrix A is nonzero. Solving the above system and integrat-Ž . ing the result over Ѩ ⍀ = ␣ , T y ␣ yields the inequality
This estimate, together with the application of Theorem 4.1 and recollection that the energy of the system is dissipative gives
Ž . Recalling the dissipativity identity 3.2 , E 0 may be replaced by E T q 5 5
. Using this and imposing the boundary condition in 2.1c
Ž . Taking T to be sufficiently large results in the desired inequality, 4.16 .
Estimation of Lower Order Terms
To complete the proof of Lemma 3.2, the final step is to eliminate the lower order terms remaining on the right-hand side of the inequality in Ž . 
Ž . Ž .
m Thus, the sequence has the following convergence properties:
Therefore, since the lower order terms are compact with respect to the energy norm, it can be inferred that Ž .
Ž . Hence, by passing the limit on the original system 2.1 , we conclude that the limit function u must satisfy
plus the overdetermined boundary condition,
Our goal is to show that if u satisfies the above overdetermined system Ž . Ž . defined by 4.30 and 4.31 , then u ' 0. To do so, we adapt the arguments w x of 3 .
is finite dimensional for sufficiently large T. 
Since u satisfies the overdetermined problem, Lemma 4.1 and the dissipa-Ž . tivity equality 3.2 can be applied to find
From the definition of X X ,
where the second inequality follows from the interpolation of Sobolev Ž w x. spaces see 17 . Taking the bound one step further, we obtain 
which, in particular, implies that the initial conditions associated with this problem satisfy
Therefore, from the regularity of Theorem 2.2,
This solution must satisfy the corret T sponding eigenvalue problem:
As before, define u ' u , Then u must satisfỹt
Ž . Via a partition of unity, a smoothing of the boundary procedure, and a Ž . change of variable, system 2.1 can be shown to be equivalent to a more Ž general problem which may be stated as follows. See the books of w x Hormander, e.g., 5 , for further information on proving this equivalence of . systems.
Ž . ⍀, following second order system is considered:
Ž . 
Ž . Ž . 
Ž . Localization in x, y, D, Space
To establish the estimate of Theorem 4.1, the operator P P is studied by considering subregions of the space᎐time place in which the symbol of P P is defined. This idea is formulated more precisely in the following seven steps. Our goal is to take advantage of the behavior of the symbol within these subregions and use the results to compare the norms of the time and tangential derivatives. Ž . Ž . Ž . With the definition of P P in 2.1a , and the symbol p x, y; , in 2.2 Ž . corresponding to P, the matrix ဧ x, y; , , with entries
is the symbol corresponding to P P. Since s D y i␥ , this can be rewritten as
Ž . i j
Without loss of generality, we may assume ␥ s 0, as extension to the case ␥ ) 0 follows similarly to the results for the wave equation considered in w x 15 . With this assumption, the symbol corresponding to P P becomes
Ž . Step 1. Cutoff in time. Although we only consider the quarter space ‫ޒ‬ Ž . defined such that 0 F t F 1 ᭙ t g ‫ޒ‬ and 
Ž .
c c
Since P is an elliptic operator of order 2, there exists a constant ␤ ) 0 Ž . such that the symbol p x, y; , corresponding to P satisfies the inequality,
Ž . Ž .
Ž . Thus, P P is elliptic of order 2 within the region E E and system A. Recall the definition of the symbol of an operator, the tangential derivative may be estimated directly. Step 6. Commutator estimates. In the previous steps, terms arising from Ž . the principal part of the operator in system A.10 have been estimated. However, in defining cutoff solutions, a number of lower order terms have arisen due to the commutators of the operators. To achieve the final estimate, these terms must be removed as well.
By using formulas for an asymptotic expansion of the symbols corre-Ž w x . sponding to the appropriate commutators see 6, p. 70 and recalling that supp ; E E , we obtain c Ž . Application of this result to system 2.1 gives us the estimate of Theorem Ž . 4.1 once we note that g s u .
